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Abstract

An analytical model is presented for predicting film condensation of vapor flowing inside a vertical mini triangular

channel. The concurrent liquid–vapor two-phase flow field is divided into three zones: the thin liquid film flow on the

sidewall, the condensate flow in the corners, and the vapor core flow in the center. The model takes into account the

effects of capillary force induced by the free liquid film curvature variation, interfacial shear stress, interfacial thermal

resistance, gravity, axial pressure gradient, and saturation temperatures. The axial variation of the cross-sectional

average heat transfer coefficient of steam condensing inside an equilateral triangular channel is found to be substantially

higher than that inside a round tube having the same hydraulic diameter, in particular in the entry region. This en-

hancement is attributed to the extremely thin liquid film on the sidewall that results from the liquid flow toward the

channel corners due to surface tension. The influences of the inlet vapor flow rates, the inlet subcooling, and the channel

size on the heat transfer coefficients are also examined. � 2002 Published by Elsevier Science Ltd.

1. Introduction

Recently, a new type of ultracompact condenser made

of a number of parallel, multiport, miniaturized non-

circular channels with hydraulic diameter of 0:3 mm 6

Dh 6 2:0 mm situated between louvered air-side fins has

been developed [1]. The striking feature of this novel

condenser is that the condensation heat transfer rate is

very high and thus extremely compact. It has been re-

ported that at the same heat transfer rate and the same

pressure drop, the volume and weight of this new con-

denser can be reduced to half of the conventional round

tube condenser [1]. Two possible reasons might be re-

sponsible for this heat transfer enhancement: thinning

the liquid film thickness due to the meniscus effect in-

duced by the sharp corners of the non-circular channel

leads to the reduction in the thermal resistance; the in-

crease of the specific surface area may also result in high

heat transfer rates. Our literature survey reveals that

relatively few studies have reported on the underlying

mechanisms leading to high condensing rates inside non-

circular channels although extensive work has been done

on condensation inside round tubes oriented vertically

or horizontally. In this paper, we consider film con-

densation heat transfer inside a miniaturized triangular

channel with a forced motion of vapor.

Yang and Webb [2] experimentally investigated the

heat transfer characteristics of R-12 vapor condensing

inside two horizontal extruded aluminum rectangular

tubes with and without 0.2 mm high micro-fins. The

hydraulic diameter was 2.637 mm for the plain tubes and

1.564 mm for the tubes with the micro-fins. Yang and

Webb [3] proposed a semi-empirical model to predict the

condensation heat transfer coefficient inside the hori-

zontal micro-fin tube with a small hydraulic diameter.

They divided the condensation area on the micro-fin

surface into the flooded and the unflooded areas. In the
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flooded area, condensation heat transfer was dominated

by vapor shear stress, whereas in the unflooded area, it

was dominated by vapor shear stress and surface ten-

sion. Using the equivalent mass velocity by Akers et al.

[4] and the heat–momentum analogy, Yang and Webb

proposed a semi-empirical model incorporating the heat

transfer mechanisms in the individual areas, their pre-

diction was in good agreement with the experimental

data, with the relative difference being within �20% [3].

However, the empirical constants used in the model

had to be obtained from experiments. Wang and Du [5]

proposed an analytical model and conducted experi-

ments to flow condensation on the outside surface of a

mini diameter tube in a horizontal annulus, they found

that the surface tension effect on condensation heat

transfer could not be neglected in the mini tubes having

outside diameters less than 3.0 mm, especially at low

vapor quality. Nozu and Honda [6] investigated exper-

imentally the condensation of refrigerants in horizontal

tubes with spirally grooved microfins and developed a

laminar film condensation model in the annular regime.

Their model includes the combined effects of the surface

tension and vapor shear forces acting on the condensate

surface.

Nomenclature

A cross-sectional area, m2

b width of channel side wall, mm

cpl specific heat of the liquid, W/kg K

Dh hydraulic diameter, m

f friction factor

g gravity acceleration, m=s2

�hh overall condensation heat transfer coeffi-

cient, W=m2K
hðzÞ cross-sectional average condensation heat

transfer coefficient, W=m2 K

hcðx; zÞ local condensation heat transfer coefficient

in the thin film zone, W=m2 K

hfg latent heat, J/kg

hiðzÞ cross-sectional average condensation heat

transfer coefficient defined by the inlet tem-

perature difference, W=m2 K

hlmðzÞ local average condensation heat transfer

coefficient in the meniscus zone, W=m2 K

hltðzÞ average condensation heat transfer coeffi-

cient in the thin film zone, W=m2 K

K curvature of the liquid–vapor interface in

the thin film zone, m�1

kl thermal conductivity of liquid, W/m K

L channel length, m

_mmi local mass flux of liquid condensed at the

vapor–liquid interface, kg/s

_mm00 mass flow rate of condensate, kg/m s

pc capillary force, Pa

p pressure, Pa

P wetted perimeter, m

Prl Prandtl number

rc meniscus radius of the meniscus zone, m

rc;min minimum meniscus radius at the channel

inlet, m

Re Reynolds number

Rg gas constant, J/kg K

T temperature, �C
u liquid velocity in x axis, m/s
v liquid velocity in y axis, m/s

w liquid velocity in z axis, m/s
�ww mean velocity, m/s

x x axis of coordinate
y y axis of coordinate
z z axis of coordinate

Greek symbols

a corner angle, �
b dispersion constant, J

d liquid film thickness, m

d0 liquid film thickness at the middle point of

the channel sidewall, m

Dp pressure drop, Pa

DTi Tsi � Tw, inlet temperature difference, �C
DT ðzÞ Ts � Tw, local temperature difference, �C
Ul two-phase frictional pressure drop multi-

plier

c accommodation coefficient

l dynamic viscosity, N s=m2

ge coordinate at the end of the thin film zone,

m

ql liquid density, kg=m3

qv vapor density, kg=m3

rl surface tension, N/m

si interfacial shear stress, N=m2

slw liquid wall shear stress, N=m2

Subscripts

e end of the thin film region

i inlet or interface

l liquid

ls superficial quantities of condensate flow in

channel

lv vapor–liquid two-phase flow

m meniscus region

s saturation state

t thin film region

v vapor

w channel wall

D entire channel
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The effect of surface tension on the external film

condensation on horizontal or vertical finned surfaces

has been extensively investigated [7–11]. Karkhu et al.

[7] and Rifert et al. [8] analyzed the effect of surface

tension on film condensation on finely finned horizontal

tubes by assuming that the pressure gradient caused by

the surface tension was constant along the surface of the

fins. Without using the assumption of constant surface

tension, Hirasawa et al. [9] theoretically investigated film

condensation on a vertical finned surface and showed

that the liquid film near the bottom of a narrow trough

became locally thin due to the suction of the liquid

flowing into the trough, the predicted liquid film profile

was experimentally verified by their optical measure-

ments. Mori et al. [10] theoretically investigated the

optimal finned vertical tubular condensers where vapor

condenses on the outside surfaces of the tubes. Admak

and Webb [11] took account of the local thin film dis-

tribution in their analyses of condensation heat transfer

on vertical finned plates. Generally, the vapor shear

stress was not taken into consideration in the previous

investigations of condensation heat transfer on the fin-

ned surfaces.

Condensation heat transfer processes inside non-cir-

cular miniaturized channels has been also encountered

in the condensing sections of micro heat pipes [12–14].

Khrustalev and Faghri [12] developed a mathematical

model to calculate the thermal performance of a po-

lygonal micro heat pipe, condensate in the thin film re-

gion flows toward the meniscus region under the

influence of the surface tension; which means the influ-

ence of the interfacial shear stress being neglected, and

the accumulated condensate in the meniscus region is

drained toward the evaporating section by the capillary

force. More recently, Zhang and Faghri [13] numerically

investigated condensation at the liquid–vapor meniscus

in a capillary grooved channel, the volume of fluid

model (VOF) was used to predict the film condensation

on the fin top, the condensation at the liquid–vapor

meniscus, and the fluid flow in the capillary groove.

Thomas et al. [14] studied the flow behaviors of liquid

film in a fully developed laminar isothermal flow in a

groove with a trapezoidal cross-section, a finite differ-

ence solution was employed to determine the mean ve-

locity, volumetric flow rate, and Poiseuille number as

functions of the groove aspect ratio, the groove-half

angle, and the meniscus contact angle that imposed

shear stress at the liquid–vapor interface.

In this work, we report on a theoretical investigation

of film condensation heat transfer inside a vertical micro

triangular channel, in which the downflow of vapor is

driven by a superimposed pressure gradient. The model

considers the effects of capillary force induced by the

free liquid film curvature variation, interfacial shear

stress, interfacial thermal resistance, gravity, axial pres-

sure gradient, and saturation temperatures. It is found

that the cross-sectional average heat transfer coefficient

of steam condensing inside an triangular channel is

significantly higher than that inside a round tube with

the same hydraulic diameter, particularly in the entry

region. This enhancement is attributed to the extremely

thin liquid film on the sidewall resulting from the cap-

illary pressure generated in the channel corners. The

influences of the inlet vapor flow rates, the inlet subco-

oling, and the channel size on the heat transfer coeffi-

cients are also discussed.

2. Mathematical model

Consider the film condensation for vapor flowing

downward inside a vertical micro equilateral triangular

channel with sidewall length b, as illustrated in Fig. 1.

Inlet saturated vapor, with temperature of Tsi at z ¼ 0,

condenses on the inner surfaces of the channel that is

cooled isothermally at a temperature Tw; ðTw < TsiÞ. The
condensate liquid film thickens as it flows to the exit.

Because of symmetry, only a one-sixth portion of the

cross-section of the equilateral triangular channel needs

to be considered, as shown in Fig. 2, the liquid–vapor

flow field through the triangular-shaped cross-section is

divided into three zones: the thin liquid film zone along

the sidewall ð06 x6 geÞ, the meniscus zone ðge < x6
b=2Þ in the corner, and the vapor core zone in the center
of the channel. In the thin liquid film zone, part of the

condensate produced is drawn into the meniscus zone, in

the x-direction, under the influence of the capillary force
in the corner, whereas the remaining condensate liquid is

drained downward, in the z-direction, due to the gravity

and the liquid–vapor interfacial shear stress. In the

meniscus zone, the liquid accumulated in the corner is

drained downward, in the z-direction, under the influ-

ence of both the gravity force and the liquid–vapor in-

terfacial shear stress. The downflow of the vapor in the

vapor core zone is due to the externally superimposed

pressure gradient. The hydrodynamic interaction be-

tween these three flow zones determines the heat transfer

rate from the vapor to the channel wall; a simultaneous

solution to the hydrodynamics and energy equations in

these three flow zones is thus needed for predicting the

heat transfer rates.

2.1. Geometric parameters

Referring to Fig. 2, it is assumed that the liquid–

vapor interface is tangential to the channel sidewall at

the end of the thin film region ðx ¼ geÞ. Thus, the length
of the thin film zone, ge, and the meniscus radius, rc, are
interrelated by

ge ¼
b
2
� ðrc þ deÞctg

a
2

� �
; ð1Þ
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where a is the angle of the triangular corner, (a ¼ p=3
for an equilateral triangular channel), and de is the liquid

film thickness at x ¼ ge. The cross-sectional areas of the
thin liquid film zone, Alt, the meniscus zone, Alm, and the

vapor core zone, Av, are given, respectively, as

Alt _¼¼0:5ðde þ d0Þge; ð2Þ
Alm ¼ 0:5 ðrc

h
þ deÞ2ctg

a
2

� �
� p

2

�
� a
2

�
r2c
i
; ð3Þ

and

Av ¼ AD � Alt � Alm ¼ b2

8
tg

a
2
� Alt � Alm: ð4Þ

Here, d0 denotes the film thickness at the middle of the

sidewall ðx ¼ 0Þ and AD is the cross-sectional area of

the triangular channel. The hydraulic diameter, Dh, of

the entire triangular channel would be

Dh ¼
2

3
b sin a; ð5Þ

while the hydraulic diameter of the meniscus zone, Dhl,

and the hydraulic diameter of the vapor core zone, Dhv,

are given, respectively, as

Dhl ¼
4Alm

Plm
ð6Þ

and

Dhv ¼
4Av

Pv
; ð7Þ

where the wetted perimeters of the meniscus zone and

the vapor core zone, Plm, and Pv, are represented by

Fig. 1. Schematic of the physical problem.

Fig. 2. Illustration of the liquid film profile inside the triangular

channel.
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Plm ¼ ðrc þ deÞctg
a
2

� �
ð8Þ

and

Pv _¼¼
p
2

�
� a
2

�
rc þ

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
g2e þ ðde � d0Þ2

q
: ð9Þ

The liquid–vapor interface perimeter, Pi, in the meniscus
zone is

Pi ¼
p
2

�
� a
2

�
rc: ð10Þ

All the geometric parameters are function of ge, de,
and d0, which are associated with both hydrodynamic

and heat transport processes in the thin film zone, the

meniscus zone, and the vapor core zone.

2.2. Thin liquid film flow ð06 x < geÞ

In the thin liquid film zone, assumed the liquid mo-

tion being an incompressible, two-dimensional laminar

flow with constant fluid properties. It is further assumed

that heat transfer across the liquid film is by pure con-

duction. Then, referring to the coordinates shown in

Fig. 2, the simplified governing conservation equations

of mass, momentum and energy in the thin film zone

ð06 x < geÞ can be written as

ou
ox

þ ov
oy

þ ow
oz

¼ 0; ð11Þ

ll

o2u
oy2

� oplt
ox

¼ 0; ð12Þ

ll

o2w
oy2

� oplt
oz

þ qlg ¼ 0; ð13Þ

and

o2Tlt
oy2

¼ 0; ð14Þ

where the subscript ‘‘lt’’ represent the quantities in the

thin film zone and d is the thickness of liquid film normal

to the channel wall in the thin film zone. The other

symbols are listed in the Nomenclature. The pressure of

condensate, plt, in the thin film zone is related to the

vapor pressure by the Young–Laplace equation, i.e.

oplt
ox

¼ o

ox
pv

�
� rl

rl

�
; ð15Þ

where rl is the surface tension and

rl ¼
½1þ ðod=oxÞ2	3=2

o2d=ox2

is the liquid–vapor interface curvature radius. Assuming

that the vapor pressure, pv, is constant across the vapor
core zone ðopv=ox ¼ 0Þ allows us to modify Eq. (15) as

oplt
ox

¼ �rl

o

ox
ðo2d=ox2Þ

½1þ ðod=oxÞ2	3=2

( )
: ð16Þ

On the inner surface of the channel wall ðy ¼ 0Þ, the
boundary conditions are

u ¼ 0; w ¼ 0; ð17aÞ

Tlt ¼ Tw: ð17bÞ

At the liquid–vapor interface ðy ¼ dÞ, they are

ou
oy

¼ 0; ll

ow
oy

¼ si; ð18aÞ

Tlt ¼ Til; _mmihfg ¼ kl
oTlt
oy

; ð18bÞ

where si, _mmi, and Til are the shear stress, the condensing
mass flux, and the local interfacial liquid temperature at

the liquid–vapor interface, respectively; kl is the thermal
conductivity and hfg is the latent heat of the liquid.

Combining Eqs. (12) and (16) to eliminate the pres-

sure gradient term and performing integration subject to

the boundary conditions (17a) and (18a) across the film

thickness yields

u ¼ ðy=dÞ
�

� 1

2
ðy=dÞ2

�
rld

2

ll


 o

ox
ðo2d=ox2Þ

½1þ ðod=oxÞ2	3=2

( )
: ð19Þ

Similarly, integrating equation (13) subject to the

boundary conditions (17a) and (18a) gives

w ¼ oplt
oz

�

� qlg

�
y2

2
þ si

�
� oplt

oz

�
� qlg

�
d

�
y
��

ll:

ð20Þ

The small variation of the liquid film curvature along the

z-direction in the mini channel may allow us to neglect

the effect of the capillary force on the liquid pressure

gradient, oplt=oz, to give

oplt
oz

¼ dpv
dz

: ð21Þ

Combining Eqs. (20) and (21) to eliminate the term

oplt=oz yields

w ¼ dpv
dz

�

� qlg

�
y2

2
þ si

�
� dpv

dz

�
� qlg

�
d

�
y
��

ll:

ð22Þ

Assuming that the temperature across the liquid film

varies linearly and integrating Eq. (14) subject to the

boundary conditions (17b) and (18b), we obtain

_mmi ¼ kl
Til � Tw

d

� ��
hfg; ð23Þ
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where the local condensate mass flux, _mmi, at the liquid–

vapor interface can also be obtained by integrating the

continuity Eq. (11) across the film thickness, i.e.

_mmi ¼ ql

o

ox

Z d

0

udy
� ��

þ o

oz

Z d

0

wdz
� ��

: ð24Þ

The liquid film in the thin film zone is extremely thin

such that the interfacial thermal resistance at the liquid–

vapor interface should be taken into account [15]. Fol-

lowing the analysis by Stephan and Busse [16], we obtain

the interfacial liquid temperature, Til, as

Til ¼ Tiv � _mmihfg
Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRgTs

p
h2fgqv

ð2� cÞ
c

" #
; ð25Þ

where Rg is the gas constant, c the accommodation co-

efficient, qv the vapor density and Ts the saturation

temperature.

Tiv ¼ Ts 1

�
þ pc
hfgql

�
ð26Þ

is the local interfacial vapor temperature in the vapor

core zone, with the capillary pressure, pc, represented by

pc ¼ rlK þ b

d3
; ð27Þ

with K being the meniscus curvature of the liquid film

and b the dispersion constant with regard to the dis-

joining force. Substituting Eq. (25) into (23) yields

_mmi ¼ ðTiv � TwÞ hfg
d
kl

",
þ
Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRgTs

p
h2fgqv

ð2� cÞ
c

#
: ð28Þ

Inserting Eqs. (19) and (22) for u and w into Eq. (24)

and then combining with Eq. (28) to eliminate _mmi, we

obtain a partial differential equation for the local film

thickness distribution dðx; zÞ in the thin film flow zone as

rl

3

o

ox
d3

o

ox
o2d=ox2

½1þ ðod=oxÞ2	2=3

( )" #

þ o

oz
si

d2

2

�
� dpv

dz

�
� qlg

�
d3

3

�

¼ ðTiv � TwÞll

qlhfg

�
d
kl

"
þ
Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRgTs

p
h2fgqv

ð2� cÞ
c

#
: ð29Þ

The unknowns dpv=dz, si, and Ts in Eq. (29) will be

obtained by analyzing the hydrodynamic field in the

vapor core zone in the later sections. Noting that Eq.

(29) is a fourth-order partial differential equation, four

boundary conditions are needed. The geometric sym-

metry of condensate with respect to the middle of the

channel sidewall ðx ¼ 0Þ gives

x ¼ 0 :
od
ox

¼ 0;
o3d
ox3

¼ 0: ð30Þ

The third boundary condition can be obtained by as-

suming that the condensate film surface is tangential to

the channel sidewall at the end of the thin film region

ðx ¼ geÞ, i.e.

x ¼ ge :
od
ox

¼ 0; ð31Þ

where the thin film zone length, ge, is associated with the
meniscus zone as discussed in the following section. At

the channel inlet, z ¼ 0, all the condensate is assumed to

be drawn into the meniscus zone by the capillary force

along the x direction. Therefore, the film thickness

dðx; 0Þ can be obtained by solving the following equa-

tion:

rl

3

d

dx
d3

d

dx
d2d=dx2

½1þ ðdd=dxÞ2	2=3

( )" #

¼ ðTiv � TwÞll

qlhfg

�
d
kl

"
þ
Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRgTs

p
h2fgqv

ð2� cÞ
c

#
; ð32Þ

which is obtained by simplifying Eq. (29) at z ¼ 0. Eq.

(32) is also a fourth-order ordinary differential equation,

which can be solved subject to the boundary conditions

given by Eqs. (30) and (31), with one more additional

boundary condition given by

x ¼ ge :
d2d
dx2

¼ 1

rc;min
: ð33Þ

Eq. (33) represents the liquid–vapor interfacial curvature

at the channel inlet, where rc;min denotes the minimum

meniscus radius and can be obtained from the corre-

sponding irreducible residual saturation, sir, inside the

capillary channel. The irreducible residual saturation

refers to the liquid fraction that resides permanently in

the channel corners due to surface tension and is defined

as

sir ¼
Al;min

AD
; ð34Þ

where Al;min represents the cross-sectional area occupied

by the irreducible residual liquid in the channel corners.

Following Wang et al. [17] for modeling two-phase flow

in mini polygonal channels using the porous medium

approach for an equilateral triangular channel, we relate

the irreducible residual saturation, sir, to the minimum

meniscus radius, rc;min, as

sir ¼
0:5 ctg a

2

� �
� p

2
� a

2

� �� �
r2c;min

AD
: ð35Þ

Saez and Carbonell [18] developed a correlation of the

irreducible residual saturation for capillary materials as

sir ¼
1

20þ 0:9E€oo
; ð36Þ
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where E€oo represents the E€ootv€oos number, defined as

E€oo ¼ qlgD
2
h

rl

: ð37Þ

Combining Eqs. (35) and (36) yields the minimum

meniscus radius such that the boundary condition given

by Eq. (33) is determined. Hence, Eq. (32) can be solved,

and subsequently, the film thickness distribution in the

thin film zone can now be obtained from Eq. (29) pro-

vided that si, Ts, and dpv=dz are known.

2.3. Accumulated condensate flow ðge 6 x6 b=2Þ

In the meniscus zone, it is assumed that the mo-

mentum equation for the liquid motion in the corner

with cross-sectional area, Alm, is a one-dimensional flow

with the inertia term neglected due to the rather small

Reynolds numbers in the mini channel. A similar as-

sumption has been adopted extensively by many other

investigators [12,19–22] for liquid flow in the conden-

sation section and evaporation section of micro trian-

gular heat pipes. The momentum conservation equation

for the liquid flow in the meniscus zone with cross-sec-

tional area, Alm, is given by

� dplm
dz

� ql

Alm

d

dz
�ww2
lmAlm

� �
þ qlg þ

siPi
Alm

� slwPlm
Alm

¼ 0; ð38Þ

where the subscript ‘‘lm’’ represents the quantities in the

meniscus zone, slw is the liquid-wall shear stress, and �wwlm

is the mean liquid velocity in the meniscus zone. In Eq.

(38), the second term is usually small to be neglected

[12,20]. The liquid-wall shear stress, slw, for flow in an

equilateral triangular channel can be expressed as [23]

slw ¼ 1

2
ql�ww

2
lmfl; ð39Þ

where fl ¼ ð13:3=RelmÞ is the friction factor, with Rey-

nolds number defined as Relm ¼ ðql�wwlmDhl=llÞ. The liq-
uid pressure gradient, dplm=dz, in Eq. (38) is related

to the vapor pressure gradient, dpv=dz, by the Young–

Laplace equation, as

dplm
dz

¼ dpv
dz

� d

dz
rl

rc

� �
: ð40Þ

We now obtain the mean liquid velocity in the me-

niscus zone, �wwlm, by considering the mass balance in the

meniscus zone. Referring to Fig. 2, the variation of the

condensate liquid flow rate in the meniscus zone with

the z-direction is due to the condensate liquid rate per

unit axial length that enters the meniscus zone, i.e.

ql

dð�wwlAmlÞ
dz

¼ _mm00
lt þ _mm00

lm; ð41Þ

where

_mm00
lt ¼

Z de

0

qludy

¼ qlrld
3
e

3ll

o

ox
ðo2d=ox2Þ

½1þ ðod=oxÞ2	3=2

( )�����
x¼ge

ð42Þ

represents the condensate liquid flow that enters the

meniscus zone at x ¼ ge, and

_mm00
lm ¼ ðb=2� geÞhlmðzÞDT ðzÞ

hfg
ð43Þ

is the condensing mass flux entering the meniscus zone,

with DT ðzÞ ¼ Ts � Tw and hlmðzÞ being the local average

condensation heat transfer coefficient in the meniscus

zone that will be defined in Section 2.5.

2.4. Vapor core flow

In dealing with the vapor flow in the vapor core zone,

we assume: (1) the vapor motion in the vapor core zone

being a one-dimensional incompressible fully developed

flow; (2) the peripheral condensate liquid being sta-

tionary based on the fact that the vapor velocity is

usually much higher than the liquid [12,20]; (3) the

contribution of the momentum flux due to the phase

change at the liquid–vapor interface being neglected.

Based on these assumptions, the axial momentum con-

servation equation for the vapor flow can be taken as

� dpv
dz

þ qv

Av

d

dz
ð�ww2

vAvÞ þ qvg þ
siPv
Av

¼ 0; ð44Þ

where �wwv is the mean velocity of the vapor flow. The

liquid–vapor interfacial shear stress, si, is given by

si ¼
1

2
qv�ww

2
vfv; ð45Þ

where the friction factor, fv, of the vapor flow is

fv ¼ cRe�m
v ; ð46Þ

with c and m being empirical constants, and the Rey-

nolds number, defined as Rev ¼ ðqv�wwvDhv=lvÞ. As in

[24,25], in the present work, c ¼ 16 and m ¼ 1:0 are

taken for the laminar vapor flow, while c ¼ 0:046 and

m ¼ 0:2 are used for the turbulent flow of vapor.

The mean vapor velocity, �wwv can be obtained by

considering the mass balance of the vapor along the

channel length, i.e.

qv

dð�wwvAvÞ
dz

¼ hðzÞðTs � TwÞb=ð2hfgÞ; ð47Þ

where hðzÞ is the average condensation heat transfer

coefficient at each cross section along the z axis. Eq. (47)
reflects the fact that the reduction of the mass flow rate
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of vapor along the z-direction is due to the condensation
at the liquid–vapor interface. �wwv, si, and dpv=dz can be

obtained by solving Eqs. (44)–(47) provided that hðzÞ,
Av, and Dhv are known. Av and Dhv are related with ge,
de, d0, and rc and can be derived from Eqs. (2)–(4), (7),

and (9) while the local average heat transfer coefficient

hlmðzÞ of the meniscus zone and the average heat transfer
coefficient, hðzÞ, over the entire cross-section is obtained

in the following section.

The local saturation temperature of the vapor in the

vapor core region, Ts, is obtained from the Clausius–

Clapeyron equation

dpv
dTs

¼ qlqvhfg
ðql � qvÞTs

: ð48Þ

2.5. Heat transfer coefficients

The hydrodynamic fields in the peripheral thin liquid

film and the relatively thick condensate in the meniscus

zone are different from each other. Thus, the heat trans-

fer coefficients in the thin film and the meniscus zones

should be treated separately.

In thin film zone, the local heat transfer coefficient,

hcðx; zÞ, is defined as

hcðx; zÞ ¼
q00c ðx; zÞ
Ts � Tw

¼ _mmihfg
Ts � Tw

; 0 6 x < ge; ð49Þ

where q00c ðx; zÞ is the local heat flux at the liquid–vapor

interface. Substituting Eq. (28) for _mmi into Eq. (49) gives

hcðx; zÞ ¼
Tiv � Tw
Ts � Tw

� ��
d
kl

"
þ
Ts

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
2pRgTs

p
h2fgqv

ð2� cÞ
c

#
;

0 6 x < ge: ð50Þ

The average heat transfer coefficient, hltðzÞ, over the thin
film zone is then given by

hltðzÞ ¼
Z ge

0

hcðx; zÞdx
� ��

ge: ð51Þ

The condensate flow in the meniscus zone is quite

similar to the accumulated condensate flow at the lower

part of the tube for the stratified flow in a horizontal

condensing tube. Following the analysis of Chen and

Koamustafaogullari [25] on condensation heat transfer

of stratified co-current flow in a horizontal tube, the

local average heat transfer coefficient, hlmðzÞ, in the

meniscus zone is given by

hlmðzÞ ¼
Ulðkl=DhÞð8RelsÞ1=2

5þ 5½lnð5Prl þ 1Þ	Pr�1l
; ð52Þ

where Prl is the Prandtl number of the liquid and

Rels ¼ ðql�wwlsDh=llÞ is the superficial Reynolds number of
the condensate flow in the channel, with Dh being the

hydraulics diameter of the entire channel cross-section

and �wwls ¼ ð�wwlmAlm=ADÞ being the superficial velocity of

the condensate flow in the channel,

Ul ¼

ffiffiffiffiffiffiffiffiffi
Dplv
Dpl

s
¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffi
dpv=dz
dpl=dz

s

is the square root of the two-phase frictional pressure

drop multiplier, with Dpl representing the pressure drop
of the liquid flowing alone in the triangular channel and

Dplv the pressure drop of the two-phase flowing, which is
equal to the vapor pressure drop, Dpv, in the vapor core

zone.

The pressure gradient, dpl=dz, is represented by

dpl
dz

¼ PD

AD
sl; ð53Þ

where the wall shear stress for the liquid flowing alone in

the triangular channel can be obtained from Eq. (39) as

sl ¼ ð6:65ll�wwls=DhÞ, subscripts ‘‘D’’ refers to entire tri-

angular cross-section. Therefore, the local average heat

transfer coefficient in the meniscus zone, hlmðzÞ, can be

obtained from Eqs. (52) and (53) provided that �wwlm and

Alm are known.

The average condensation heat transfer coefficient

hðzÞ over the entire cross-section is evaluated from

hðzÞ ¼ ½gehltðzÞ þ ðb=2� geÞhlmðzÞ	=ðb=2Þ: ð54Þ

It is clear from Eq. (47) that the average heat transfer

coefficient, hðzÞ, over the cross-section given by Eq. (54)

is defined based on the local temperature difference,

DT ðzÞ ¼ Ts � Tw. Alternatively, the average condensa-

tion heat transfer coefficient over the cross-section, hiðzÞ
can also be defined based on the inlet temperature dif-

ference, DTi ¼ Tsi � Tw, with Tsi being the inlet vapor

saturation temperature while hiðzÞ is related to hðzÞ by
hiðzÞ ¼ ½DT ðzÞ=DTi	hðzÞ: ð55Þ

The overall condensation heat transfer coefficient, �hh,
over the entire channel length is then given by

�hh ¼
Z L

0

hiðzÞdz
� ��

L; ð56Þ

where L represents the channel length.

3. Numerical simulation

3.1. Numerical treatment

The calculation of the local and the average heat

transfer coefficient proceeds in a stepwise manner as

follows:

(1) Solve Eq. (32) by the fourth-order Runge–Kutta

method and obtain the profile of the film thickness

at the channel inlet, z ¼ 0.

2836 T.S. Zhao, Q. Liao / International Journal of Heat and Mass Transfer 45 (2002) 2829–2842



(2) Discretize the terms with the z-derivatives ðo=ozÞ in
Eqs. (29), (38), (41), (44), and (47) using the back-

ward finite difference with an increment Dz.
(3) The interfacial shear stress, si, the vapor pressure

gradient, dpv=dz, and local saturation temperature,

Ts, based on the inlet conditions or the previous axial
position z for the subsequent increments are initially
utilized to solve for dð0; zÞ from Eq. (29).

(4) simultaneously solve Eqs. (29), (38) and (41) for

dðx; zÞ, heðzÞ, and rcðzÞ. Noting that Eq. (29) is re-

duced to a fourth-order ordinary differential equa-

tion with respect to x, when the terms with o=oz is
discretized using the backward finite difference, it

can be solved by the fourth-order Runga–Kutta

method.

(5) Solve Eqs. (51), (52), and (54) for hltðzÞ, hlmðzÞ, and
hðzÞ.

(6) Obtain the new values of si, dpv=dz, and Ts by simul-
taneously solving Eqs. (44), (47) and (48);

(7) repeat steps (3)(4)(5)(6). The iteration process is ter-

minated when the two successive values of ge agree
within a specified tolerance (�10�3).

(8) the numerical calculation procedure is haltedwhen

�wwvAv ¼ 0 or if TsðzÞ6 Tw.

3.2. Results and discussion

Three channels with sidewall lengths of 2.0, 1.5, and

1.0 mm, corresponding to hydraulic diameters of 1.16,

0.87, and 0.58 mm, are considered, as to predict the

condensation of the forced downflow of the steam inside

the mini vertical equilateral triangular channels. Satu-

rated steam at its saturation temperature (100 �C) cor-
responding to the standard atmospheric pressure is

introduced at the inlet of the channel (Fig. 1). The

thermophysics properties of water and steam necessary

for calculations are listed in Table 1. Unless otherwise

noted, typical results will be presented for the channel

with a sidewall length of 2.0 mm under three conditions:

Case I, Revi ¼ 4500 and DTi ¼ Tsi � Tw ¼ 6 �C; Case II,

Revi ¼ 3000 and DTi ¼ 6 �C; as well as Case III,

Revi ¼ 3000 and DTi ¼ 4 �C.

3.2.1. Thin liquid film profiles

Fig. 3 presents the liquid film thickness profiles at the

selected axial locations (z ¼ 50, 100, 150, and 200 mm)

for Case I. The liquid film profiles indicate that the thin

liquid film zone ð06 x6 geÞ occupies the majority of the
area of the sidewall although the film thickness increases

rapidly when the meniscus zone ðge 6 x6 b=2Þ is at-

tained. As the fluid moves progressively toward the

downstream, the film thickness in the thin film zone

decreases and the meniscus zone enlarges. It is interest-

ing to note that the liquid film in the thin film zone takes

a convex-shaped profile over the entire sidewall, with

the crest located at the middle of the sidewall (note that

the liquid film profile is symmetric and only half of the

sidewall is shown in Fig. 3). This particular liquid film

profile results from the balance between a pressure

gradient generated by the vapor–liquid meniscus inter-

face at the corners of the channel and the resistance

against the liquid flow toward the corners. The convex-

shaped liquid film profiles predicted in this work are in

agreement with the experimental measurements of the

liquid film in a vertical small trough by Hirasawa et al.

[9].

3.2.2. Heat transfer coefficients

Fig. 4 presents the variation of the local condensation

heat transfer coefficients along the sidewall at selected

axial distances for Case I. The heat transfer coefficient at

each axial distance (z ¼ 50, 100, 150, and 200 mm) in-

creases continuously along the sidewall length until the

meniscus zone is attained ðx ¼ geÞ and drops immedi-

ately to the meniscus zone heat transfer coefficient,

Table 1

Thermophysical properties of water

Gas constant, Rg 462 (J=kg K)

Dispersion constant, b 2:0
 10�21 (J)

Accommodation coefficient, c 0.03

Surface tension, rl 0.05886 (N m�1)

Latent heat of evaporation, hfg 2257:1
 103 (J kg�1)

Liquid specific heat, cpl 4220 (J kg�1 K�1)

Density of liquid, ql 958.4 (kg m�3)

Density of vapor, qv 0.5977 (kg m�3)

Dynamics viscosity of liquid, ll 2:825
 10�4 (N s m�2)

Dynamics viscosity of vapor, lv 1:202
 10�5 (N s m�2)

Thermal conductivity of liquid, kl 0.683 (W m�1 K�1)

Prandtl number of liquid, Prl 1.75
Fig. 3. Profiles of the liquid film thickness along the sidewall at

various axial distances.
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hlmðzÞ, as given by Eq. (52). It should be recognized,

however, that the sudden drop of the heat transfer co-

efficient between the thin film zone and the meniscus

zone is not expected in real situations. It is caused by the

mathematical model assuming two condensation zones:

the thin film zone ð06 x6 geÞ and the meniscus zone

ðge 6 x6 b=2Þ. The high heat transfer coefficients in the

thin film zone are apparently associated with the thin

liquid film presented in Fig. 3. Fig. 4 also indicates that

the heat transfer coefficients in the thin film zone are

higher than that at downstream locations, while the heat

transfer coefficients in the meniscus zone decreased due

to enlarging meniscus zone along the axial distance.

Fig. 5 presents the variations of the several key pa-

rameters with the axial distance for steam condensing

inside the channel with b ¼ 2:0 mm under the condition

of Revi ¼ 4500 and DTi ¼ 6 �C. The parameters pre-

sented in Fig. 5 include the thin film zone width, ge, the
average heat transfer coefficient in the thin film zone,

hltðzÞ, the meniscus radius, rcðzÞ, and the local average

heat transfer coefficient in the meniscus zone, hlmðzÞ. As
seen, the thin film zone width ge decreases with in-

creasing axial distance while the meniscus radius, rcðzÞ,
increases with z, so that the thin film zone becomes

narrower while the corresponding meniscus zone be-

comes wider accordingly. This is primarily due to the

fact that more steam is condensed and drained into the

channel corners with steam flowing downstream. Fig. 5

also indicates that the average heat transfer coefficient

in the meniscus zone, hlmðzÞ, decreases monotonically

with z, while the average heat transfer coefficient in the

thin film zone, hltðzÞ, increases due to the decrease of the
liquid film thickness.

The cross-sectional average heat transfer coefficients,

hiðzÞ, predicted by the present model are compared with

the correlation by Soliman et al. [26] for steam con-

densing inside a round tube in Fig. 6. The comparison is

made under the condition of DTi ¼ 6 �C and Revi ¼ 4500

and for the same hydraulic diameter of Dh ¼ 1:16 mm,

corresponding to the side length of b ¼ 2:0 mm for the

triangular channel. The heat transfer coefficients for

the triangle channel are significantly higher than that for

the round tube. This enhancement is attributed to the

thinner liquid film along the sidewall in the triangular

channel, which results from the surface tension by the

meniscus variation in the corners of the channel. As the

steam flows further downstream, the enhancement be-

comes less pronounced, where the liquid film becomes

sufficiently thick and, in turn, the influence of surface

tension fades away.

Fig. 7 presents the effects of the inlet Reynolds

numbers and the inlet subcoolings on the profile of the

Fig. 5. Variations of the local average heat transfer coefficient,

the meniscus radius, and the thin film zone along the axial

length.

Fig. 4. Variations of the local heat transfer coefficients along

the sidewall at selected axial distances.

Fig. 6. Variations of the cross-sectional average heat transfer

coefficients along the axial distance.
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liquid film thickness along the sidewall length. As indi-

cated, an increase in the inlet Reynolds numbers (while

keeping the inlet subcooling constant) or/and a decrease

in the inlet subcooling (while keeping the inlet Reynolds

number constant) yields a larger thin film zone or a

smaller meniscus zone. As a result, the heat transfer

coefficients for a smaller subcooling and a higher inlet

steam velocity are higher than that for a larger subco-

oling and a lower inlet steam velocity, shown in Fig. 8.

The influences of inlet Reynolds numbers and inlet

subcoolings on the cross-sectional average heat transfer

coefficients, hiðzÞ, are presented in Fig. 9. An increase in

inlet steam velocity (represented by Revi) and a reduction
in the inlet subcooling, DTi, yields a higher heat transfer
coefficient for both the triangular channel predicted here

and the round tube correlation [26]. On the other hand,

a larger subcooling will lead to more steam to be con-

densed at each cross-section, making the thin film zone

smaller and the liquid film thicker. At a constant con-

densing rate, a higher inlet steam velocity will exert a

larger interfacial shear stress to reduce the meniscus

zone, and to enlarge the thin film zone.

It can also be seen from Fig. 9 that the heat transfer

coefficients for triangular channel are always substan-

tially higher than that for the round tube having same

hydraulic diameter with same inlet Reynolds number

and same inlet subcooling. However, the heat transfer

enhancements of the mini triangular channels with re-

spect to the round tubes are quantitatively different for

different cases. We define a heat transfer enhancement

ratio as the ratio of the overall heat transfer coefficient

of a triangle channel, defined by Eq. (56), to that of a

round tube having same hydraulic diameter. It is found

that the heat transfer enhancement ratio is 2.56 for Case

I (Revi ¼ 4500 and DTi ¼ 6 �C), 2.99 for Case II

(Revi ¼ 3000 and DTi ¼ 6 �C), and 3.47 for Case III

(Revi ¼ 3000 and DTi ¼ 4 �C), respectively. A compari-

son between Cases I and II indicates that a larger inlet

stream velocity leads to a smaller heat transfer en-

hancement ratio, i.e. the heat transfer enhancement of

triangular channels becomes weaker for increasing inlet

steam velocities. This can be explained as the heat

transfer enhancement in triangle channels results from

the capillary force induced by the sharp corners of the

channels. However, a higher inlet velocity leads to a

higher interfacial shear stress; more condensate is thus

drained downward along the channel axis by the inter-

facial shear stress, as a result, the capillary effect induced

by the sharp corners of the triangular channels becomes

relatively weaker. A comparison between Cases II and

III shows that a larger inlet subcooling yields a smaller

heat transfer enhancement ratio. This is due to the fact
Fig. 8. Effects of inlet Reynolds numbers and inlet subcoolings

on the local heat transfer coefficients along the sidewall.

Fig. 9. Effects of inlet Reynolds numbers and inlet subcoolings

on the cross-sectional average heat transfer coefficients.

Fig. 7. Effects of inlet Reynolds numbers and inlet subcoolings

on the liquid film thickness profiles.
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that a larger inlet subcooling leads to a higher conden-

sation rate, causing flooding such that the meniscus zone

becomes larger or the thin liquid film zone becomes

smaller, the capillary effect becomes insignificant with

the thin film zone shrinking in triangular channels.

The effect of the channel size (the sidewall length

b ¼ 2:0, 1.5, and 1.0 mm) on the cross-sectional average

heat transfer coefficients, hiðzÞ, is presented in Fig. 10 for
Revi ¼ 3000 and DTi ¼ 6 �C. The smaller the channel

size, the significantly higher heat transfer coefficients will

be in the entry region. This is due to the fact that a

smaller channel leads to a larger surface tension effect

making the liquid film thickness thinner in the thin film

zone. These behaviors can be seen in Figs. 11 and 12,

where the profiles of the liquid film thickness and the

local heat transfer coefficients at z ¼ 50 mm and z ¼ 100

mm are shown for different channel sizes. From Fig. 10,

the cross-sectional average condensation heat transfer

coefficients of the small channels decrease more rapidly

with the increase of the axial distance z, as compared
with that for larger channels. This can be is explained as

follows. With the reduction of steam along the axial

distance, the thin liquid film zone becomes relatively

smaller, whereas the meniscus zone becomes larger, ac-

cordingly. However, for the small channels, the menis-

cus zone increases more rapidly with the axial distance,

due to a higher condensation rate for the small channels

in the entry region, shown in Figs. 11 and 12.

Fig. 10 indicates also that, the heat transfer coeffi-

cients for triangular channel are always substantially

higher than that from correlation for round tube [26].

However, the heat transfer enhancement ratios of the

mini triangular channels is 2.99 for the channel with

b ¼ 2:0 mm, 3.09 for the channel with b ¼ 1:5 mm, and
3.56 for the channel of b ¼ 1:0 mm.

3.2.3. Two-phase pressure drops

Fig. 13 presents the variations of the two-phase

pressure drops in both the mini triangular channel pre-

dicted and the round tube correlation [26] along the

axial distance for Cases I, II, and III. In the entry region,

the pressure drops in the mini triangular channels are

close to those in the round tube for fixed inlet Reynolds

number, Revi, inlet subcooling, DTi, and hydraulic di-

ameter. However, the pressure drops in the triangular

channels decrease with increasing axial distance more

rapidly. As indicated in Fig. 9, the condensation heat

transfer coefficients of the triangular channels are larger

than those of the round tubes at a fixed Revi, DTi, and
hydraulic diameter, larger condensation heat transfer

coefficient leads to a larger condensing rate and thus, a
Fig. 10. Effects of the channel sizes on the cross-sectional heat

transfer coefficients along the channel axial distance.

Fig. 11. Predicted effects of the channel sizes on the liquid film

thickness profiles.

Fig. 12. Predicted effects of the channel sizes on the local heat

transfer coefficient along the sidewall.
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quicker reduction in the steam velocity along the axial

distance, the pressure drops in the triangular channels

decrease more rapidly. As seen in Fig. 13, a larger inlet

subcooling, DTi, and a lower inlet Reynolds number,

Revi, yield lower two-phase pressure drops in both the

triangular and the round channels.

The two-phase pressure drops in the triangular

channels with side lengths of 2.0, 1.5, and 1.0 mm under

the condition of Revi ¼ 3000 and DTi ¼ 6 �C are plotted

in Fig. 14, from which the two-phase pressure drop in-

creases with decreasing channel size. This is attributed to

the fact that for the same inlet Reynolds number, the

steam velocity will be higher in a smaller channel,

leading to a larger interfacial shear stress.

4. Concluding remarks

An analytical model for predicting film condensation

of vapor flowing inside a vertical mini triangular channel

under the influence of a superimposed pressure has been

presented. The analysis is made by dividing the field of

the liquid–vapor concurrent two-phase flow through the

triangular-shaped cross-section into the three zones: the

thin liquid film flow on the sidewall, the condensate flow

in the corners, and the vapor core flow in the center. A

number of important effects including the capillary force

induced by the free liquid film curvature variation, the

interfacial shear stress, the interfacial thermal resistance,

the gravity, the axial pressure gradient, and the satura-

tion temperatures have been incorporated in the model.

The analyses show that, the cross-sectional average heat

transfer coefficients of steam condensing inside a trian-

gular channel are substantially higher than that inside a

round tube with same hydraulic diameter, especially in

the entry region. Reduction in channel sizes leads to

higher heat transfer coefficients in the entry region.

However, the heat transfer coefficient decreases with

increasing z more rapid for smaller channels. In addi-

tion, it is found that the condensation enhancement of

the triangular channels, with respect to that of the round

tubes with the same hydraulic diameter, becomes more

significant as the channel size, the inlet steam velocity,

and the inlet subcooling decreased.
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